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Some Applications of thethe
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theearly1980s,whentheprogramMaple defineda functionthatwasnamedsimply � . An historical
search,conductedwhile writing anaccountof this function[4], foundwork by theeighteenthcentury
scientistJ.H. Lambertthat foreshadowedthedefinitionof thefunction;eventhoughhis work did not
actuallydefinethefunction, � wasnamedin his honour. Thesamesearchuncovereda fortuitousrea-
sonfor calling thefunction � , in thatE. M. Wright, a mathematicianknown for his bookwith Hardy
onpuremathematics,studiedthecomplex valuesof thefunction,againwithoutnamingit. Thefunction
is notconnectedwith theLamberttransformof a function,whichhasbeendefinedindependently[13].

Thedefinitionof � is thatit is thefunctionthatsolvestheequation�)(�*,+.-0/ (1)

where - is a complex number. This equationalwayshasaninfinite numberof solutions,mostof them
complex, andso � is amultivaluedfunction.Thedifferentpossiblesolutionsarelabelledby aninteger
variablecalledthebranchof � . Thustheproperway to talk aboutthesolutionsof (1) is to saythat
they are �2143�-65 , for any 78+:9;/=<0>?/=<A@;/ etc.Thereis alwaysspecialinterestin solutionsthatarepurely
real,andsowe noteimmediatelythatwhen - is a realnumber, equation(1) canhave eithertwo real
solutions,in which casethey are �CB63�-65 and �ED#F�3�-65 , or it canhave only onerealsolution,this being�CB63�-65 [with �GD�F�3�-65 now beingcomplex], or norealsolution.Evenif - is real,thebranchesotherthan7H+I9�/�JK> arealwayscomplex. Admittedly, � doesnot yet appearon any pocket calculator, but it is
known to thecomputingsystemsMaple, MacsymaandMathematica(in thecaseof Mathematica,the
function is called LNM4O6P?Q&R�SNT4O?U ). Therefore,assoonasa problemis solved in termsof � , numerical
values,plots,derivativesandintegralscanbeeasilyobtained.

The first physicsproblemto be solved explicitly in termsof � wasonein which the exchange
forcesbetweentwo nucleiwithin thehydrogenmolecularion ( VXWY ) werecalculated[11]; this,however,
is alonganddifficult calculation(andit hasalreadybeenpublished)soinsteadof describingit, wehave
takentwo muchsimplerproblemsfrom standardphysicstextbooks,problemsthatmany studentsmeet
in their physicseducation,andwe have expressedthesolutionsin termsof � . As mentionedabove,
thephysicalcontentdoesnot change,only theeaseof working. An additionalpoint of interestis the
factthattheelectrostaticapplicationhelpsto justify amathematicaldecisionconcerningthedefinition
of � thatwasoriginally takenentirelyon aesthetic(in a mathematicalsense)grounds.

2. Wien’s displacement law

Thespectraldistribution of blackbodyradiationis a functionof thewavelength Z andabsolutetem-
perature[ , andis describedby \]3�Z#/^[_5 , definedsuchthat \&3�Z`/a[_54bcZ is thepower emittedin a wave-
lengthinterval b�Z perunit areafrom a blackbodyat absolutetemperature[ . ThewavelengthZ�dfe^g at
which \ is a maximumobeys Wien’s displacementlaw Z�dfe^g
[h+ji , where i is Wien’s displacement
constant[3]. This law wasproposedby Wien in 1893from generalthermodynamicarguments.Once
Planck’sspectraldistribution law is known, Wien’s law canbededucedandthevalueof i determined.

ThePlanckSpectraldistribution law is\&3�Z`/a[_5k+ l�m`nco�p Z�q
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This equationhasthetrivial solution �x+:9 andthenontrivial one�x+:z ~ � B 3�J{z�( D q 5 w
ThereforeWien’s law is obtainedwith anew expressionfor Wien’sdisplacementconstant:i�+ nco�p 7z ~ �CB?3aJ{z�( D q 5 +�@ w l��?��� >	9 D]���8� w (3)

In the past,one would have obtainedthe numericalvalue of the law by programminga Newton-
Raphsonor similar solver on equation(2); now onecanstartup a computerpackageandobtainthe
valuewithout programming.Time is savednot only becauseno programmingis needed,but alsobe-
causethesystemdevelopershave implementedthefastestandmostaccuratemethodof evaluation.

3. Capacitor fields and conformal mapping

The equipotentiallines that areto be calculatedareshown in figure 1 in the top setof axes.We see
therethefringing field attheedgeof atwo-dimensionalparallel-platecapacitor. Theplatesareassumed
to be semi-infinite,and at potentials <A� . The coordinatesof any point in the planeare expressed
asa complex number: ��+�� ~:��� . The planeis thereforecalled the � -plane,andwhat is required
is a function ��3��?5 giving the electricpotentialat any point. This function is usuallyobtainedusing
conformal-mappingtechniques[12]. In general,conformaltechniquessolve a problemby relatingits
geometryto a simplergeometryin which the governing
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Physicalplane:

(The � -plane)
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Somefurtheranalysis(notgivenhere)showsthattherestriction J m2¿ §¨- ¿vm impliesthatthebranch
index 7 is alsospecified,once � is known; moreover, wecangiveananalyticformulafor this, in terms
of À , theunwindingnumber[5, 7]. Theexpressionis78+�À©3���5�+ÂÁ §Ã�KJ m@ m Ä w (6)

Here the symbol Å�Æ denotesthe ceiling function, which is the integer obtainedby roundingup (as
opposedto floor which is obtainedby roundingdown).

Figure2 showshow theinversetransformationworks.Recallingthenotation,��+�� ~8��� , wedivide
the � -planeinto stripsof width @ m . The main strip betweenthe plates,andextendingto the right, isJ mÇ¿I�G¿�m andis shown containingsolid lines.The strips J ��m�¿��E¿ J m and mÇ¿��E¿È��m are
shown containingdashedlines.Eachstrip is transformedusinga differentbranchof � , theonewith
index 7v+ÉÀ83��?5 , onto a distinct portion of the strip J mÈ¿ §¨- ¿Êm . The portionsof the strip thus
mappedaresymmetric,in the sensethat �ED�1 and �Ë1 mapinto regionssymmetricaboutthe real -
axis.

In summary, wehavederivedthefollowing new analyticalformulafor thesolutionfor thefringing
fieldsof a semi-infinitecapacitor. Thepotentialat thepoint � is�©+�3�� p�m 5^§�ÌÍ�AJ©>�J��ËÎ�Ï ¼=Ð�Ñ ( ¼ D�F�ÒÔÓ w (7)

As statedin the introduction,for this formula to be actuallyuseful, it mustbe easilyevaluated.
Although the numberof computerpackagesthat contain � built-in is still small, the packagesare
amongthemostpopularonesat themoment.Thereforethis formulais genuinelycomputational.

Thisapplicationto conformalmappingsaddsaninterestingpostscriptto thehistoryof thedefinition
of � . Theequation(1) doesnot by itself completelydefinethebranchesof � [4, 6], asexplainedin
the next it must  Td(v)Tj
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Physicalplane:

Linesin � -plane

wherevaluesof
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Table 1. Someexactandapproximatevaluesfor theLambertW function.Of theinfinite numberof branches�� ,
we tabulate3 branches.Theentries‘complex infinity’ meanthat thevaluesof �ºð]ñÔ÷ ü	ø and �ºñÔ÷ ü
ø have infinite
realpart,but their imaginarypartsdependuponthedirectionin which ü is approached.

The LambertW function hasa rich variety of applications
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