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Figure 4. The functions in equation (10). — — -, the integrand. ——, the discontinuous integral.

and substituting this into (7) and combining inverse tangents gives the following compact variation

on (7):
d .
/37$::U+2arctanﬂ. (¥)

5 —4coszx 2 —cosz

A generalization of this expression that is suitable for integral tables is as follows. If

p



integrable, and not necessarily continuous, and hence covers piecewise continuous functions. The

central topic of this paper, namely the importance of ensuring that integrals are continuous, is an

important factor in the development of correct rules for integrating piecewise-defined functions.
The Heaviside step function is defined by

1, forz>0;
H(‘r)_{o, for z <0

As an example of how we want to work with this function, consider the following differential
equation coming from elementary beam theory. The bending moment ¥ (z) in a beam extending
from z = 0 to x = [ and supporting point loads P, and P, at * = @ and =z = b is given by the
equation

diits

dr



and the boundary conditions give the same solution as before. The deflection can now be easily
obtained by integrating twice more to find

y=1t(z—a)’P,H(z —a)+ (z - b)’PH(z — b) + 1 K2’ + Bz + C .

1
6
The boundary conditions y(0) = y(/) = 0 give us B and C. This method of solution is more
convenient than the first one for people working by hand, and vastly more convenient for those
using an algebra system.

5. Conclusions. In calculus textbooks, it is popular to include a section on the use of integral
tables. In view of the results in section 2, the textbooks should warn students that any expression
extracted from a table might contain a spurious discontinuity. With equal force, we should require
the editors of handbooks to check their tables thoroughly. In effect, an entry in a table should not
be considered correct unless it is continuous on as wide an interval as possible. The alternative
would be to note the interval upon which the integral is valid, without attempting to broaden it,
but this would be less useful to the reader. Similar comments can be applied to computer algebra
systems.

The Weierstrass substitution discussed in section 3 was once a standard topic in calculus
textbooks, albeit an advanced topic. It appears less frequently now, but if it is treated, I think that
an analysis of the discontinuity and its correct handling must be included. The material of section
4 comes from my experience of watching students tackle problems such as the one described, and
from implementing the solution on algebra systems.

This paper springs directly from discussions with David Stoutemyer and Al Rich, the devel-
opers of Derive, a computer algebra program. Almost all of the items discussed here have been
implemented in Derive, and I am grateful to its developers for their interest. I am also grateful to
the developers of Maple for stimulating discussions, and for adopting some of the ideas above.

References.

1. J. Stewart, Calculus, 2nd Ed. Brooks/Cole, Pacific Grove, CA, 1991.

2. W.H. Beyer, Handbook of Mathematical Sciences, 6th Fd. CRC Press, Boca Raton, FL, 1937.
3. [.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series and Products, Academic Press, San
Diego, CA, 19709.

4. M. Abramowitz and [.A. Stegun, Handbook of Mathematical Functions, Dover, New York, NY,
1965.

5. D.J. Jeffrey and A.D. Rich, The evaluation of trigonometric integrals avoiding spurious discon-
tinuities, ACM Trans. Math. Software, submitted.

6. M.W. Botsko, A fundamental theorem of calculus that applies to all Riemann integrable func-
tions, this MAGAZINE , 64 (1991), 347-34%.

300



