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We show that many functions containing the Lambert W function are Stieltjes functions. We
extend the known properties of the set of Stieltjes functions and also prove a generalization
of a conjecture of Jackson, Procacci & Sokal. In addition, we consider the relationship of
functions of W to the class of completely monotonic functions and show that W is a complete
Bernstein function.
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LEMMA 1 1 Funegion ‘ﬂ\/:} is nonnegativesand bounded on the real line and

continuously di erentiable for t # 1=e. Speci cally, it is zero for t € (—oo; 1=¢[ and
a monotone increasing function for t € (1=e;c) so that W (-t) - ast — cc.
Correspondingly, the derivative d*W (—t)=dt is zero for t < 1=e and positive for
t > 1=e. In addition, d%W (—t)=dt = o(1=t)3as t — oo. )
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DEF_INITION 1.2 A _functlon f : (0;00) — R is called a\v‘ W=l if it
admits a representation %

f(x):a+/ooom (x>0); (1.15)

where a is a non-negative constant and is a positive measure on 0; co) such that
fooo (1+t)~td ( t')<oo.
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COROLLARY 2.3 The derivative W/(x) is a Stieltjes function.
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3. ?ﬂpletely monotonic functions
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DEFINIgION 3.1 A function f : (0;00) — R is called a completely monotonic

function if ¥ has derivatives of all orders and satis es (—1)"f(x) > 0 for x > 0,
n — 0. 1. 2. e "
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DEFINITION 32 [8, De nition 5.1] A function ¥ : (0;00) — 0;00) is called a
Bernstein func ion if itis C*> and f' is compI?ter monotonic.
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