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solutions) can be expected. Some numerical methods such as finite difference
method [1], finite element method [2], shooting method [3], spline approxi-
mation method [4], and sinc-Galerkin method [5] have been developed for
obtaining approximate solutions to boundary value problems.

Perturbation method [8] is one of the well-known analytical methods for
solving nonlinear problems. However, it strongly depends on the existence
of small/large parameters. Traditional non-perturbation methods such as
differential transformation method [9] and Adomian’s decomposition method
[10] have been developed for solving boundary value problems. However,





Numer Algor

both hold. Therefore, as p
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According to the rule of solution expression (7), the right hand side of (18) can
be expressed by

u(n)
m (x) =

N(m)∑
k=0

dk xk, (19)

where the upper limit N(m) depends on m.
Since the solution of u(n)

m (x) = xk with the boundary conditions (16) can be
expressed by

um(x) = k!
(k + n)! xk+n + δn−1xn−1 + δn−2xn−2 + · · · + δ1x + δ0, (20)

where, in view of (16), δ0, δ1, . . . , δn−2, δn−1 can be determined by solving a
system of n linear equations, then by (19), (20) and the linearity of L−1, we
finally obtain

um(x) =
N(m)∑
k=0

dk

(d(k+ n)! xkk(

ere. Š 1kn −1 �kk
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approximation. However, it is usually difficult to minimize F(�). Alternatively,
one can obtain a proper value of � just by observation.

3 Applications

In this section, the approach proposed in Section 2 is applied to solve three
nonlinear two-point boundary value problems. For the nonlinear second order
problem (Section 3.1
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To obtain higher order terms um(x), the mth order deformation equation
(15) and its boundary conditions (16) are calculated:

u′′
m(x) = χmu′′

m−1(x) + �Rm(um−1(x)), (30)

um(1) = 0, um(2) = 0, (31)

where

Rm(um−1(x)) = u′′
m−1(x) + 6 um−1(x) + 2(1 − χm)x3

−2
m−1∑
j=0

(
um−1− j(x)

j∑
i=0

ui(x)u j−i(x)

)
. (32)

In this way, we can calculate um(x)(m = 1, 2, . . .) recursively. For example,
when m = 1, (30) becomes

u′′
1(x) = �

(
u′′

0(x) + 6u0(x) + 2x3 − 2u0(x)3
)

= −1

4
h

(
8 x6 − 60 x5 + 234 x4 − 553 x3 + 795 x2 − 675 x + 251

)
. (33)

Since the formula (20) now becomes

u1(x) = xk+2

(k + 1)(k + 2)
−

(
2k+2 − 1

)
x

k2 + 3k + 2
+ 2k+2 − 2

k2 + 3k + 2
, (34)

by (21), the first order term

u1(x) = − 1

560
� (x − 1) (x − 2)

× (
20 x6 − 140 x5 + 632 x4 − 1695 x3 + 2926 x2 − 3582 x + 972

)
. (35)

um(x)(m = 2, 3, . . .) can be calculated similarly.
The mth order approximation can be expressed by

u(x, �) ≈
m∑2144

(x x

� 2φ,

(�
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In view of the boundary conditions (38), the initial guess and the boundary
conditions to (3) are determined as

u0(x) = x3 − x2, (41)

φ(0; p) = 0,
∂φ (0; p)

∂x
= 0, φ(1; p) = 0. (42)

To obtain higher order terms um(x), the mth order deformation equation
(15) and its boundary conditions (16) are calculated:

u(3)
m (x) = χmu(3)

m
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Table 2 Relative errors of
HAM approximations to (37,
38)

x RKF45 soln 5thHAM 10thHAM 15thHAM

0.1 0.001496064 2.7E−3 1.4E−5 3.2E−6
0.2 0.005317810 2.6E−3 1.3E−5 1.4E−6
0.3 0.010466190 2.6E−3 1.4E−5 7.6E−7
0.4 0.015943267 2.8E−3 1.5E−5 4.8E−7
0.5 0.020752307 3.2E−3 1.7E−5 3.5E−7
0.6 0.023897842 3.7E−3 1.8E−5 2.4E−7
0.7 0.024385830 4.6E−3 2.0E−5 1.2E−7
0.8 0.021224162 5.9E−3 2.2E−5 1.7E−8
0.9 0.013423694 7.7E−3 2.3E−5 1.1E−7

whose exact solution is

uexact(x) = x
3
2 (1 − x)2. (53)

This problem was considered in [5] via the sinc-Galerkin method. It is worth
mentioning that although this problem does not belong to the category (1, 2),
the approach proposed in Section 2 is still applicable to it.

For the zeroth order deformation equation (3), the auxiliary linear operator
L is given by

L[φ(x; p)] = ∂4φ(x; p)

∂x4
, (54)

and the nonlinear operator N [φ(x; p)] is given by

∂4φ (x; p)

∂x4
+ φ (x; p)2 − x− 5

2
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In this way, one can calculate um(x)(m = 1, 2, . . .) recursively. For example,
when m = 1, (58) becomes

u(4)
1 (x) = �

[
u(4)

0 (x) + u0(x)2 − x− 5
2

16

(
9 + 30x + 105x2

) − x3 (1 − x)4

]

= �

(
x8 − 5 x7 + 10 x6 − 10 x5 + 5 x4 − x3

+24 − 9

16
x− 5

2 − 15

8
x− 3

2 − 105

16
x− 1

2

)
. (61)

Since the formula (20) now becomes

u1(x) = k! xk+4

(k + 4)! − x3

(k + 4)(k2 + 4k + 3)
+ x2

k3 + 9k2 + 26k + 24
, (62)

by (21), the first order term

u1(x) = �

(
x12

11880
− x11

1584
+ x10

504
− 5x9

1512
+ x8

336
− x7

840

+x4 − 9503

4752
x3 + 7919

7920
x2 − x

7
2 + 2 x

5
2 − x

3
2

)
. (63)

um(x)(m = 2, 3, . . .) can be calculated similarly.
The mth order approximation can be expressed by

u(x, �) ≈
m∑

k=0

uk(x) =
8m+4∑

i=2

γm,i(�) xi +
8m−5∑

j=1

ηm, j(�) x
2 j+1

2 , (64)

Fig. 4 �-curve for the 15th
order approximation to (51,
52)
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Table 3 Relative errors of sinc-Galerkin and HAM approximations

x exactSoln sincGalerkin 5thHAM 10thHAM 15thHAM

0.0915 0.0228445 1.3E−3 8.6E−13 2.2E−21 1.8E−31
0.1518 0.0425506 0.7E−3 1.1E−12 2.9E−21 2.4E−31
0.2410 0.0681568 0.2E−3 1.5E−12 3.7E−21 3.1E−31
0.3604 0.0885104 0.3E−3 1.8E−12 4.5E−21 3.8E−31
0.5000 0.0883883 0.2E−3 2.1E−12 5.2E−21 4.4E−31
0.6395 0.0664617 0.1E−3 2.2E−12 5.6E−21 4.7E−31
0.7590 0.0384058 0.2E−3 2.3E−12 5.7E−21 4.8E−31
0.8482 0.0180008 0.0E−3 2.3E−12 5.7E−21 4.8E−31
0.9084 0.0072645 0.0E−3 2.3E−12 2.7E−21 4.8E−31

where the coefficients γm,i(�), ηm, j(�) depend on m, i, � and m, j, � respectively.
Equation (64) is a family of approximate solutions to the problem (51, 52) in
terms of the convergence-control parameter �.

To find the valid region of �, the �-curve given by the 15th order approxi-
mation (64) at x = 1

2 is drawn in Fig. 4, which clearly indicates that the valid
region of � is about −1.75 < � < −0.25.

When � = −1, we obtain an approximate solution which is much more
accurate than the numerical solution obtained by the sinc-Galerkin method [5]
as shown in Table 3, where the relative errors of the sinc-Galerkin method ap-
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